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3x; = O D PrRswR (s Siuply o firce €0 erfree. WSS Consendton

2.1 steady fully—cleveloped  oluct flow

yass: 2o —§+L =0 = automaticlly Setisfied

_ 2%
X-Mom . : /—+uﬂ+v%+w§—g-— Z D(Bh %,;—;+—-§—it)

C%afrm 2 Exact Solutions . Wi 2w 2%
. . ¢+ EX —{L FVIU; +f LV=pm
meovppessible. , viscows fow « :

= UV, u—/u(z ,+2£,)— T = ot —>VuL=,TAHi=-C

>yw-slip Bc. = U=Uwu
= wass {low rote Yf/\=g Suds = bulk Velocity - um=—‘—5§ udS = v =
s Ay =S Wbt AL

=Wk Shaor Stess « Tt = = ﬂ (i %,iu; Tjn - zﬁg‘;]-nj) B
= mtzqu Qnalysis = only pressuie ond sheos vemsun:  Tuse = p§ TuaadS
Twt Pox = —dp AL = 3'7— ———E- oQk—— 2R (dircle) =D %{("———4’ Ledl
Q'fr[otion —Fo.olm‘ NeloAe s —Flew pote €0 pressure dﬁ’F / Shsasr

-2 dv _ Tt
R e T

2.2 Poisenille chamnel £Low Dotiven by sy, Uows=0

K—mom. = S'(jé" =-C = “J\—k%tg , Wy —xl )= = \L(-BBT-—";CCL\.Z'&L) =—§\_J‘TA%&CK_— L)
2.3 Couctte Chamna| flow = riven by relative Boundosy ympvament
K=o . B,:g,, _j-A%% =0 , UCh)=o, wliv=W
= U =UEFR | T =m0y =Y = const.

2.4 Stokes’ first problem : flow clragged by an impulsively stortd flot plote.
« potential flows: R=uwd=0 , U=, SMe T-U=0 = T¢=0 =D Ko Viscesity body free
= only require ol Wall velocty =0 , it guasmstee. No-slip
= Simplest :wmt:oru{w Ult=o)=(U.0.0) B.C. Ulyzo,8)=0 (S imposed ot t=0
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EXs
:>SINV|M\"3 \Mﬁﬂhl.e,_ ’\4——5—:2;) ftvD: UCH;U) . g.c. N -?CVI:Q).—.—_O , 5(t:°)= O,S(V‘%N}:'

‘f”c)———l dsvlgcvp = S_DE C=Const. (8(e)=0) efrf(x)—m expLx)o\x
= § =20 ’Vlzﬁ , $lep=—enfap, (fin=o, £ea=1)
> Jop= (5, usUfup=U-et () -—U-e*f(zﬂ—;,—ﬂ
DTo=uBgly-=3ufs = vorticty Way)=2§ = 2= eql-F57)
= chamge veforense frame : fluid ot rest diagged by a plte ot —U
> uwy )= —Ufi- e"’f(zmﬂ




2.5 Sokes’ Second pioblom = flow clragaed by an 0SCillating ot plwse = ¢O = 27§
B.C. Uly==0, uly=o) = Umy= Uoswt =R §ye™*}
> Tourier tionsfim: tow’ DFirally gut< Ucy 1) =Uep-YE s (w4 )
Sticknass of \iscous effortesl vegion: & I
Sat y =T overshet, W =-1Lo4 U cosut
= o= —U&%ws(wtﬂ-%) = WX Twan 09vies 2owlier Hlomn mo Velociy
2-b Gruged Solution 0 unsteedy flow adove o Lot Pl Wl0)=Uwd, Ud=0

Wy Ad= v OLU (t- ["""P(Lj—%ﬁ‘))]"(‘t

= For Stokes’ st poblum , 3 _0Ser Hip= {D PRS- 199 S St dt = o)
DTw=-9p S_t EJJ_L% = o« Slowly docoying wiregrall of AUl Pest acceleretions
97 Ehman bujer Ca,cho toral  dasfyatine_x

oAlput,
Et‘- yt AT -0 r,)

flow homogencous in x-y suface , T fixed

}(L._ >N
M0 =T, Fg=0 , W=o

ul(z):Uexp<§) cos (%—%) Ueo) = \(_lé_

—

uy(z) = Uexp (5) sin (g Z) Walo) =

net trensport orﬂugom( 0 wingl Stvess
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du Louf\  APLIp*  d%u} u 2.\ =
R(az* ui&x*.>__,uU8x;f+8x*-8x*< Sap=/- = AV =9p-§

‘/M.
= ke ol w0°D =V7~§ — ViseosHy diffuse o \)0\"‘7?@*‘4

Doy ,uUL = Furction of geowwty only = Cp= -Lgu"l_ FD/‘;iL ~
U
2.2 Stokes floo past a sphere =2

. . 1 dy I dy
defire o Streawfuneton: V= =555 w5
1d(rug) 19u, 2> _
owal  witte \Nr't.m e P T 5%-©
= plug im0 Y 20 =0 ( womavhen cmserpctivn)
L (0N, 12 (L oa\ 1 J[1a (1 a9\ 13/ 1 a\]. z
2 or 8r) r2sin@ 90 sin 96) r2sin2@ | | r dr \ sin@ dr rd0 \ r’sin@ 89) V= . (r,6,0)
2B.C. Ur(f=R,0)=0 =D VY= const on Suifece , no penedvetion o
Us(r=R.8)=0 D no slip 9
Up(to:,8)=Lsd  Us (o~ ,9) = -USin® g y
3 [
uy(r,0) =Ucos 6 <1—3—R—I-R—3>
Ly2(y_ 3R, B\ 2 2 X
=> y(r,0) = EU (1_ 5"‘%) sin? 0| = 3 3 The physics convention. Spherical ™
Ug (,,7 9) — —Usin® (1 _ _R _ R_) coordinates (r, 8, ¢) as commonly
4r 4r3 used: (ISO 80000-2:2019): radial

distance r (slant distance to origin),

:>’t\/v:3 S n exaet Solwbon —PDI‘ Sﬁbw_s’ qm\m polar angle @ (theta) (angle with

respect to positive polar axis), and

) aSﬂVWhCDUAJ corfet ‘f&l‘ N-3 with & = .9 o at A]Cm,,te_ & azimuthal angle ¢ (phi) (angle of

rotation from the initial meridian plane).

this Solwtion has finite error n Sotisfing N-s |
CDMQOJQ With  iv/oletona) —P(m.o . D=0 (no vvo—sl.'P)
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L R} R? _ R?
y(r,0) = 2 <1—r—> sin” @ u,(r,@)—UcosG(l——) ue(r,G):—Usm9<l+2—3>

32 Grokes o!mg( on o Sphese

Y 3uURcos O
W= U U =D | pr0)=po—F07

-'=>S+DkQ5, "Lm'ﬂ -»Q.WV\):
O presswre. drog - Fo,p= —S“S%mw wosp (R Sinp dpolg) =2TLUUR

@ Viveons drog =y = - § 0o Sind (R siapolo dp) = 4T LR

Stotah olrog : Fo= bruuR C&D%I)
Ptw. compare to Wrotortdnad Lo

_ 3 6
p_pll;z = (3cos’ 6—1)R——(3cos 6+1) fs




34 Small sphsical particle in an orbitracy  fHew
1 (dv Du

v Du g ‘1 ( —u)
my—- (m,,—mf)g—}—mfﬁ—imf
~ N——

— 3rud, - d2
dt Dt) N ’(._./V W n,u v(t—1)
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35 Stokes W on dePS/beblas (}'LD ﬁﬂ/ﬁé}‘ )’lo-sl,{'p atgupfp/,@) = Fp=4nu,UR———
5.6 Siokes abay o7 an anbitnalily shaped objeea

Fp (largest sphere that fits inside it) < Fp < Fp (smallest sphere into which it fits)
Also, Fp= C(shupe. oNestation) y UL

= Sokes fot :-fof awaﬁ from 6ojeut,—€£ew dbesnit Care ‘JM]OL

)Kf-d =9 —?"S(i) Dseu-ngm +encol
F F; XiX; 1 1 XX
f—_ - p___ "] TN N = —— G F; Gi:i=—|&: J

u 47z:ulx] U; 87'C,LL|X| (6” |X|2) D | U; 87'L'[.L ijL'j ij |X| ( 1]+ |X|2>

2] Oseen  correction
Compare- NP= u*l with ga-ﬂd = - VP + AT (£inite Re)

S . _|pu-vu| pU?R/F* pUr == r
=-trtod relove. et €= Vol " pUR/S = =Re; =Rep
M

= Dgeon pedius = outside Whidh Mo (S Sghifitat = T~ 4y
)Osa_us Mximation =
UVl = u Vu-i—(u.)a\’(vu = e f: gu VM—-—V'F-\-,&vu = Qolaion

Udp
= '1:0 =%'R/(L L/\D(,‘;LH‘?E Ke) | Re = —F g \,\(,'Q
3.3 Lubrication flows ﬁ S 0//—\ >V
= dimertionak oalysis = (wass t;% x _cj” o B B =0 e LS
¥ = E,L\C\) is 1-ofdes smaller Hem W) /s Z
- du* du* Bu _ APK’9Jp ,0%u*  d*u* pE .
'X W“\ERéh(at*—Fu o ay )__/.LULax*+8 ax*z"rw g"t £< i QQH—)Q(U\A\)O) H
h U :
SZZ’ Reh_L =>QP=/LHL/[IL,L -

U >V .
jL 2% + g =0 = WUlx.y ) m Teruwx °f —%E = Solue -fvr 2P
=\ o

2 X,
T =B =0 () vl | | 22k
= F=F -0 whre @25 iy, pde D Just o presane 2 in tems of oo
= mass B2 Q =Qo= 57 (WS 2h W) )dn =D Pt Ro=>get P =>geC w

= Jubrigppion 74»(,2/ WM“@*%:F:‘SQPC*E\*
e Like 'gtx he = ot Mo 20,67, F>mox
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= Reveise fHews %lﬁ\mbo Shoo>ZF = Wy <t —at ho
= OveAshest. - %lﬂ=0¢o ’—*«)l\(%)‘%=> "*/;uf%_ —sat hL



Chapter & fpproximate. sobutions for Re => | (P 1012 VY= D vxid
» 4./ Touisciol flow :

Potentiol Plow: i wwil=0 = we hwe U= W _;gf»ﬂ't V4
ard i vi=o D Té=o drog % —>z2er0 dsag

dinsnsionsk scakiny of incompressible Momentium Consenvation: sp= Qu*
zt +Te v =-%9p  Also writien as 2 L ¢ e 4 3 (Pul ) =0
4.2 M [ l asﬂvvup-h)'ljc, 0}( ;bY\S //:////// |/////1/1—>V

‘ y =2 )Wes 4y
Recail {C"w‘“ Thow : plate wovig > Juy--3F T, = h
PD!SUMML —S—{Dw‘ PMSSM 8!‘90(% olhven 77777 777 \'V 7777777
Mas&&-\-zvy-o = V=~ werywlere wo slip = UCo)= Uth) =0

Yrmoweutum: 25 —0 = p=pe
Y= MAMGATUIA = ﬂ“yy*gvu}'=at
= First, oonsidar Exat Slusdn: et €= F D W' +W=A, Wn=0, wd=\
)u(g)-%(\—wx?c—%)) + Ay

|- expl-
= Exat Solwton whan Re>> | -
) = I—A E’AP(—“Z:) “ _ —C'—A) WPC-H')
‘L(%) ~apl-E) € +A lLCﬂ) - \-exp-¥) e 2

Sice Re>1 = @=Fel = Y=<l — ' preyee hnold
= him texp(—-‘id =0 = M/‘fi) ap D tls s e/mwtbj the. Inuisciol Solutivn

€0

effectiva gowwyg Q‘I“’t‘m n the Nouter' region. - WS =A

Howeer 1§ yel, geol. bt I = const. Jé-m ) = oo S U AU D) >IA
=>waﬂ4rg e?wubeor\ -ﬁ/\“/‘/wzd‘” rﬂ,jfbr\: UL+ Ur =0 , O <%C‘V°
Dol ; ~ ogxo W Yy
= dlaugionless * W*=y- gt g L sUlagreod= o
= Wy + Wy =A% = % e lurgr=ny =

T By
= Liroduing wratohsol asympdotic QXPMSW
For “inner” Q%W"" oo veseolivg.  V]= Wi’ = % &v\
e om
= T dp 5‘”_”0) =

Imtb\s.bw\kc S50 = 0C)=%£

due®  dug 2 >
—>T + Gy =o D U =Ci+Gepep , W=, U =0

Also Jf\v: W= Lo o), it US91= Ay
Co)

= UL op = C1-4d (l—ewa\))
S U= - [-wpcg )]+Aj COMPOSR. Solumkivn



&> Bowndary buief asuocions «
MRS - o;ﬁa.r Liwmantimless: W _ _g— S \J=%u

Streoumwise. smentivn: PRSSUEE. herm, S(‘_WUM-a-. (&P). ;guz—agm 05 Borwoulls
Struamwise. WNseosity % Usx =0
S

" wker - ST aam” W5eo sty Sealing < -‘——T—é-e’-;\ = B.L. Hudkuness g(lﬁd’-ﬁ‘z o> diffarort, to na
= WEg +V yj""'P*HMy
Walh-votmal wronmauntiamm « (bPD\ﬂ ~%z (2Px
DT B.L, Poty) = Poutx), which s detemaned by Dwhes flow
Woll-hormod  womustim itself can b ieglectes]
= owker Flow: Bervoutts: Ueo s = 388
= B.L. E;b%%* 3y =0 .

W VE = Un'ge +q)“ U(%,5) =D, Wx,00)=Uoo
btk Siwtfority Soluetion »(Br B.l. Pow Guar o ?\wba_
Stoeann -‘GMQJHDV\: U= -

2%, U=k kg o oo, = Continandty actomatically, Sotisfied
N Ay Yy vy dU. Dy ay| 0P oy
= Tym‘aay U e, MO a0 gy
. Y exy) 48 M a0 w
‘R’J{‘) yl ﬁtx} , C\D(.‘) u (x) Cx) __57:‘5 goq_o(' ;) 2y T —a(%fm
W’S@L ) Viscous Inertio
> [ ot -emem - @( D+ a9
m _LW\
N VX V% _ _ - ]
= Jiswus 2 5 Uoe = DI JC,U»_ (ehe Qe_x _5—()&)'5 %
=>'PMSSV‘-W— —Xu:; % = = UeoX)= Anc™
Mo : 0dvelse Pressule gl\oalmwt,,APGr
’TV\')D = fonorable. presote grediot . FPCr
A AL
> 5 Ax L=
= Balkuse - Skaw 6”1) =m [67() 1] = Jm+ Do(m)e’(m) , #© =0 ¢'©)=0.  tim¢'(m)=1
= Asswne the Solution Gyd s Howadk iy - \/U(x) and indg—:zm d %Z—j—%—%

d
= luen) = 5 =09 |vx) =*% [ a-mpme'm) - Ja-+mhon)]

= Now Bk M=0 D Uty = tovst = Bllasius 97(n)

= Bl qrowth- 8“3'\'& = Yo & E o E =TT
For bith ©.%, BordS (AP&)d> Bor3(2P6) 2D FP& Huns B.L., Tueases Gy
= Sgin Jer:c*\»n;_?g-=.,>§§\ —v-ilj_ L= Use @/LB_JWK, 8o
= b Lrgs c o b _Ow _ ww)
= Q\ﬁAV\’G/\&'IDY\ Cee%o\ua(;. C_S-(x)__ %’g(,l; jé;;
= Nusoriel solabion 1o Blagwes Cf = 320 5y 491 22

309" (1) =0
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Flon eler o wedges 2= 9(+i5=refe %
d@({‘nﬂ. Fay= $ex.9d +ip () X
STn 2D isstrtiorel, TU =0, IxU =0
Su=%-2 v--%-%
= Complax" Velocity \/\)ca:%% =22 i =
=TS Fe)= &2 = WNex Az
SV = A P sinere) =0 D Sinme6) =0 = We chovse 6= 0, and 9 =g

CDW\“—O =D0=0,2 =D M‘l-{&\w\ flow

|‘—' _27_
@ M=% =1=0, G_W\ 2r —>p=-in )2@ =M — %r\:%tm in“::\c
With Ocvvxc\,o.lmgb—o S EPer
® M=% D=0, b= ghi=F1 = Al

S A >G5 > Bl gows fusterthan J Tk 2 Sepepation
(el Womantwn, e, oquactin
?I\Aﬂ Woss @luw‘on into momentuna equation :

Au(Ue—1)] , Ay (Us—w)] Pul N A7 0 e s [ [T __, 9%
e T dx[/o u (U u)dy}—i—v(Uw W+ o [/0 (U u)dy]— o

with V(o) =0 ) Ueo= U(30) = %[/Wu(u —u)dy]—}-ddi[/o ( w_u)dy]:;_w

= displacement thickness - 5*(90= S; (1- i) ay
Wowentim thickmess~ O(x) = ﬁ("ﬁ‘i.)%“{‘]

d(U20) dUs Ty de 6,+20dU., T,
= \ .t = _— - + =
> M.IE ax O p °F @O a2 (H= Shape. factor = >,,)

dB ‘5*4- — d@ t

IF oo = Lomst, = 9(»4)= ZS, G (944
Y. Ttegrol  approximation ynethods
u,.o o*
. Rey, = HL Dl b dotsania H ard G4
= ?\55% , = (Reon) | HolBeon) = G- Leg- G 2

@ | ok Sexf- S\Mbﬁfﬁ m= Mkﬁt ( outer Pmswz)
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w_ _ Aw) o)
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o -
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Covitiwmous trass
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